The wave equation describing an ultrashort, tightly focused laser pulse in vacuum is solved analytically. Plasma dispersive effects are also included. Based on exact short-pulse solutions, analytical expressions are obtained for the pulse-length evolution, the pulse centroid motion, and the group velocity. Approximate shortpulse solutions are obtained to arbitrary order in the parameter l͞2pL , 1, where l is the pulse wavelength and L is the length of the pulse envelope. Comparisons are made to the solutions of the paraxial wave equation and to numerical solutions of the full wave equation. The exact analytical expression for the pulse group velocity v g , which is correctly determined from the motion of the pulse centroid, is in excellent agreement with the numerical solution. In vacuum, 1 2 v g ͞c Х ͑l͞2pr 0 ͒ 2 , where r 0 is the laser spot size at focus. Estimates for the quantity 1 2 v g ͞c, based on the paraxial wave equation, are found to be in error by a factor of 2.
INTRODUCTION
Much recent interest has arisen in the study of ultrashort, high-intensity laser pulses. Numerous experiments are under way on applications of ultraintense pulses, including particle acceleration, 1 -3 x-ray sources, 4 -7 laser fusion, 8 and the study of ultrafast phenomena. 9 This activity is largely a result of the development of compact solid-state lasers based on chirped pulse amplification, 10 which are capable of producing ultrahigh intensities ͑*10
18 W͞cm 2 ͒ and ultrashort pulse lengths (&100 fs). To analyze short-pulse phenomena and applications it is necessary to have accurate analytical expressions describing the properties of ultrashort, tightly focused laser pulses. For example, it may be possible to focus an intense, short laser pulse onto a group of electrons (or a diffuse plasma or gas) such that the electrons are picked up and accelerated by the laser pulse. Electron acceleration can be a result of the axial ponderomotive force associated with the fast rise in the laser intensity. Whether the electrons are trapped and efficiently accelerated by the laser pulse depends on the pulse profile and is a sensitive function of the pulse group velocity. Accurate expressions for the pulse envelope evolution and, in particular, the group velocity are necessary for evaluation of such processes.
A common approach to the study of laser pulses is to make use of the paraxial wave equation, for which there are well-known analytical solutions. 11 -13 Strictly speaking, these solutions are valid only for long laser beams: L . . Z R , where L is the characteristic length for axial variations in the pulse envelope (typically of the order of the pulse length), Z R pr 0 2 ͞l is the Rayleigh length (or diffraction length), r 0 is the minimum spot size of the pulse at focus, and l is the laser wavelength. Frequently, however, the paraxial solutions are modified and used to model short laser pulses. This can be done by multiplication of the paraxial solutions by an axial profile function of the form f ͑z 2 v e t͒, where z is the distance along the axis of propagation, v e is the velocity of the envelope, and f͞j≠f͞≠zj ϳ L. These modified paraxial solutions may not be accurate for very short laser pulses ͑L , Z R ͒.
Furthermore, it is not clear what value of v e to use in the modified paraxial solutions. It is also not clear how the envelope velocity v e is related to the group velocity of the pulse centroid, v g . Accurate expressions for v g are not known. By intuition a laser pulse passing through focus has v g , c. In the paraxial approximation the laser spot size r s evolves according to r s r 0 ͑1 1 z 2 ͞Z R 2 ͒ 1/2 . This implies that the laser pulse photons are traveling at the diffraction angle u d r 0 ͞Z R with respect to the z axis. The axial component of the photon velocity is then v e Ӎ c cos u d Ӎ c͑1 2 u d 2 ͞2͒. A similar result is obtained by analysis of the phase of the paraxial solutions. In either case, 1 2 v e ͞c Ӎ u d 2 ͞2. The results below indicate that this value differs from the group velocity of the pulse centroid v g by a factor of 2.
In this paper we find analytical solutions to the wave equation [see Eq. (1) below] describing ultrashort, tightly focused laser pulses to arbitrary order in the parameter l͞2pL , 1. In addition, exact expressions that describe several properties of short pulses are derived, such as global conservation, pulse-length evolution, centroid motion, and the pulse group velocity. For example, to leading order, the laser spot size evolves according to r s r 0 ͑1 1 h 2 ͞Z R 2 ͒ 1/2 , where h ͑z 1 ct͒͞2 and the initial conditions are chosen such that the minimum spot size r 0 occurs at the focal point z 0 and t 0. Hence, for a fixed time, the spot size varies throughout the pulse. Furthermore, the pulse group velocity in vacuum, based on the motion of the pulse centroid, is given by 1 2 v g ͞c Ӎ u d 2 ͞4, to leading order. Detailed comparisons are made between the analytical solutions and the numerical solutions to the full wave equation. The short-pulse solutions discussed in this paper are limited to profiles that are Gaussian in the transverse direction, i.e., the laser field amplitude is proportional to exp͑2r 2 ͞r s 2 ͒, where r is the radial coordinate. Generalization of the results below to describe higher-order Hermite -Gaussian transverse profiles is straightforward. The wave equation describing the three-dimensional evolution of a laser pulse in a fully ionized plasma is given by √
where a eA Ќ ͞m e c 2 is the normalized transverse vector potential of the laser pulse (the transverse electric field is given by eE Ќ 2m e c≠a͞≠t͒ and k p is the effective plasma wave number. In general, k p is a highly nonlinear function of a. 3 The present study, however, will be limited to a linear plasma response where k p v p ͞c is constant, which is valid when a 2 , , 1, where
is the plasma frequency and n 0 is the ambient electron plasma density (assumed to be uniform). Here, a 2 is related to the intensity of a linearly polarized laser field by a 2 Ӎ 0.72 3 10 218 l 2 I , where l is the laser wavelength in micrometers and I is the laser intensity in watts per square centimeter. In the a 2 , , 1 limit (i.e., I , , 10
18 W͞cm 2 for l Ӎ 1 mm), the k p 2 term models the dispersive effects of the plasma electrons. The vacuum limit corresponds to k p 0. Equation (1) indicates that the initial polarization of the laser field remains unchanged as it propagates. The axial component of the field can be found by requiring that = ? E 0.
The majority of previous theoretical studies of tightly focused pulse propagation have been concerned with solutions to the paraxial wave equation. 11 -13 Paraxial solutions are discussed in detail in Section 2. Christov 14 found analytical solutions describing pulse evolution that are valid only far from focus, z . . Z R . Furthermore, the group velocity of the pulse was not considered. More recently, Horvath and Bor 15 described pulse distortions that arise when a pulse is focused by a lens with a frequencydependent index of refraction. These distortions are due to the longitudinal chromatic aberration of the lens, i.e., the focal length of the lens is a function of frequency. A short pulse of length L has a finite bandwidth Dv ϳ 1͞L. Hence the different frequency components focus along different paths, which distorts the pulse profile. Pulse distortions that are due to lens aberrations will be neglected in what follows.
The remainder of this paper is organized as follows. Section 2 discusses solutions to the paraxial wave equation and their shortcomings. Section 3 describes the formalism for obtaining short-pulse solutions to the full wave equation. Use is made of the independent variables z z 2 ct and h ͑z 1 ct͒͞2. We solve the wave equation for the pulse envelopeâ͑r, h, z ͒ by taking a Fourier transform with respect to z , where a is given by the real part ofâ exp͑ik 0 z ͒ê, with k 0 2p͞l. Several exact properties of short pulses are derived, including global conservation, pulse centroid motion and group velocity, and pulse-length evolution. Section 4 presents approximate short-pulse solutions based on the expansion parameter 1͞k 0 L , 1. The zeroth-, first-, second-, and fourth-order solutions are highlighted. Comparisons between the analytic solutions and the numerical solutions to the wave equation are presented in Section 5. The paper concludes with a discussion in Section 6.
PARAXIAL SOLUTIONS
The most commonly used expressions describing the evolution of laser pulses are the solutions to the paraxial wave equation. 11 -13 The paraxial wave equation can be obtained as follows. Consider a long laser pulse, i.e., a laser beam, of the form a â͑r, z͒exp͓ik 0 ͑z 2 ct͔͒ê x , whereâ͑r, z͒ is the laser envelope and ck 0 is the laser frequency. The wave equation describing the laser envelope is given by √
The paraxial approximation involves neglecting the ≠ 2 ͞≠z 2 term, which assumes a sufficiently slowly varying envelope, j≠â͞≠zj , , jk 0â j. The paraxial wave equation
Solutions to the paraxial wave equation are well known in terms of Hermite -Gaussian modes.
-13
For example, the lowest-order Gaussian mode is given bŷ a ϵâ p ͑r, k 0 , z͒, whereâ p a 0 exp͑c p ͒ and
In Eq. (3), a z z͞Z R , Z R k 0 r 0 2 ͞2 is the Rayleigh length, a 0 is the peak amplitude at focus, and r 0 is the minimum laser spot size at focus. For simplicity, the focal point is chosen to be at z 0. The properties of the paraxial solutions are well known. 
where f p ͓c p ͔ i 1 k 0 ͑z 2 ct͒ is the total phase (the subscript i denotes the imaginary part). The effective pulse frequency v and axial wave number k z can be defined in terms of the total phase, v ϵ 2≠f p ͞≠t and k z ϵ ≠f p ͞≠z. This gives v ck 0 and
The paraxial approximation implicitly assumes that k p 2 ͞k 0 2 , , 1 and k 0 2 r s 2 . . 1. It is reasonable to assume that, if the laser pulse length L is sufficiently long, L . . Z R . . l, where l 2p͞k 0 is the laser wavelength, then the pulse can be adequately described by a paraxial solution of the form a͑r, z, t͒ f ͑z 2 v e t͒a p ͑r, z, t͒ .
Here the function f describes the axial profile of the pulse envelope, which is assumed to travel at the envelope veloc- 
In particular, in vacuum (k p 0) and at r z 0, v e ͞c Ӎ 1 2 2͞k 0 2 r 0 2 . Note, however, that this expression for v e is problematic, because it implies that there are regions in ͑r, z͒ for which e p , 0 and v e . c. To provide an accurate description of the group velocity, it is necessary to consider the motion of the pulse centroid, as is discussed below.
EXACT DESCRIPTION OF SHORT PULSES
To describe the behavior of short pulses, it is convenient to introduce the variables z z 2 ct and h ͑z 1 ct͒͞2. In these variables the wave equation becomes √
Short-pulse solutions will be sought of the form a ͓â exp͑ik 0 z ͒ 1 c.c.͔ê x ͞2, whereâ͑r, z , h͒ is the laser envelope, k 0 is a constant and represents the fundamental laser pulse wave number,ê x is a unit vector in the direction of the polarization, and c.c. denotes the complex conjugate. According to this form, the laser pulse propagates in the positive z direction, z is constant for a point moving at the speed of light and is a measure of the relative axial distance within the laser pulse, and h is the timelike coordinate that represents the axial distance traveled for a point moving at the speed of light. The wave equation describing the evolution of the envelopeâ is given by "
Taking the Fourier transform in z gives "
wherê
is the Fourier transform ofâ. Notice that Eq. (9b) is identical to the paraxial wave equation, Eq. (2b), with z ! h and k 0 ! k 0 1 k. Hence explicit solutions to Eq. (9b) can be found based on the Hermite -Gaussian solutions of the paraxial wave equation. 11 -13 For example, assuming the lowest-order Gaussian mode, the Fourier transform of the laser envelope is given bŷ
Note thatâ k ͑h 0͒ f k a 0 exp͑2r 2 ͞r 0 2 ͒. Hence f k is the Fourier transform of the initial ͑h 0͒ axial envelope profile f ͑z ͒. For convenience, the focal point is chosen to occur at h 0.
Equation (10a) is a valid solution for the lowest-order Gaussian mode to Eq. (9b) for all k except k 2k 0 . Notice that k 2k 0 corresponds to a Fourier mode component that is axially uniform, i.e., ≠a͞≠z ! 0, which is physically uninteresting. When k 2k 0 , the ≠͞≠h operator in Eq. (9b) and the quantity a k are singular and the solution, Eq. (10a), breaks down. One can avoid these singularities by choosing a distribution f k that does not contain components at k 2k 0 . For analytical convenience in the following calculations, an axial k spectrum will be used of the form f k ͑1 1 k͞k 0 ͒f Gk , which corresponds to f ͑1 2 ik 0 21 ≠͞≠z ͒f G , where f G exp͑2z 2 ͞L 2 ͒ represents a Gaussian axial pulse profile with a pulse length L. Specifically, the following forms for f ͑z ͒ and f k will be assumed:
Equation (11a) implies an intensity profile I ϳ jaj 2 at focus ͑h 0͒ given by
where I 0 is the intensity of the pulse center at focus (at focus, the pulse center is given by z z 2 ct 0 and r 0). This represents a slightly distorted Gaussian profile, because 1͞k 0 2 L 2 , , 1.
A. Global Conservation
Based on the wave equation for the pulse envelopê a͑r, z , h͒, Eq. (9a), it is straightforward to show that the quantity
is an exact constant of the motion, i.e., ≠W͞≠h 0. Physically, W may be interpreted as the leading-order contribution to the total pulse energy at a given h, i.e., the energy density integrated over the transverse and axial coordinates. 
where use has been made of the fact that R drrja pk j 2 a 0 2 r 0 2 ͞4. For the specific form of f k given by Eqs. (11),
where, typically, k 0 2 L 2 ͑2pL͞l͒ 2 . . 1.
B. Pulse Centroid and Group Velocity
Because jbj 2 is a globally conserved quantity, it can be used as a weight function for defining the centroid z of the laser pulse, i.e.,
One can calculate the centroid explicitly by using the relation Assuming f k to be real gives
For the specific form of f k given by Eq. (11),
Note that if a pure Gaussian axial profile f G exp͑2z 2 
͞L
2 ͒ were used in Eqs. (14) and (17) 
The evolution of the pulse centroid z can provide a definition for the group velocity v g of the pulse, where v g ϵ dz͞dt, with z z 2 ct. Setting z z in Eq. (18a) and letting h ͑z 1 ct͒͞2 gives
where
The relativistic factor g g associated with v g is g g ͑1 2 v g 2 ͞c 2 ͒ 21/2 Ӎ 1͞ p 2e, assuming that e , , 1.
C. Pulse Length
In a similar fashion, one can determine the evolution of the pulse length L p by defining L p ͑͗z 2 ͘ 2 ͗z ͘ 2 ͒ 1/2 , where
Noting that
In the limits k 0 2 L 2 . . 1 and k p r 0 2 , , 1,
(24) Hence the pulse length slowly increases as the pulse moves away from the focal point h 0. In particular,
APPROXIMATE SOLUTIONS
The laser pulse envelopeâ͑r, z , h͒ is given by the inverse transform of Eq. (10a):
For a particular choice of f k it is unlikely that exact analytical solutions can be obtained for the inverse transform equation (25). Physically, k represents the transform of the z variations that occur in the laser envelope. Typically, k ϳ 1͞L and k͞k 0 ϳ 1͞k 0 L , , 1. Hence the function c k ͑k 0 1 k͒ can be expanded about k 0 , and approximate expressions for the inverse transform can be obtained, i.e.,
and a h͞Z R .
A. Zeroth-Order Solution
To lowest order, c k Ӎ c͑k 0 ͒, independent of k. The inverse transform equation (25) gives the zeroth-order solution:â ͑0͒ ͑r, z , h͒ a 0 f ͑z ͒exp͑c͒ .
The zeroth-order solution is similar to the paraxial solution, Eq. (6), with the independent variable z replaced by h ͑z 1 ct͒͞2. Furthermore, to zeroth order, the axial profile is f ͑z ͒ f ͑z 2 ct͒, i.e., the envelope propagates with v g c. Notice that the initial ͑t 0͒ envelope is given byâ͑t 0͒ a 0 f ͑z͒exp͓c͑z͞2͔͒, in contrast to the paraxial solution, for whichâ p ͑t 0͒ a 0 f ͑z͒exp͓c͑z͔͒. The full zeroth-order solution a ͑0͒ â ͑0͒ exp͑ik 0 z ͒ can be written as
where f ͑0͒ c i 1 k 0 z is the total phase of the zerothorder solution and r s r 0 ͑1 1 a 2 ͒ 1/2 is the spot size. The effective pulse frequency v ͑0͒ and axial wave number k 
Notice that Eqs. (29a) and (29b) satisfy the local dispersion relation
This is in contrast to the paraxial solution, in which the above dispersion relation is only approximately satisfied for v ck 0 and k z given by Eq. (5).
B. First-Order Solution
To first order, c k Ӎ c͑k 0 ͒ 1 c 0 k, where the prime denotes ≠͞≠k 0 . The first-order solution iŝ
The first-order solution includes corrections to the evolution of the axial profile, i.e., f ͑z 2 ic 0 ͒. In particular, first-order group-velocity effects are included. Intuitively, one can estimate the local envelope velocity by setting d͑z 2 ic 0 ͒ r ͞dt 0, where the subscript r denotes the real part, and by identifying v e dz͞dt. This gives v e ͞c ͑1 2 e 1 ͞2͒͑͞1 1 e 1 ͞2͒, i.e., v e ͑r, h͒ c
where e 1 Z R 21 ≠c i 0 ͞≠a (the subscript i denotes the imaginary part). Alternatively, one can define a local value of the pulse centroid ͗z ͘ z as a function of radius by averaging over the axial profile, i.e.,
where a Gaussian axial profile was assumed, f exp͑2z 2 ͞L 2 ͒.
[If the quantity jbj 2 is used as a weight function with f given by Eq. (11) , an identical result is obtained plus corrections of order 1͞k 0 2 L 2 or higher.] Equation (33) implies that v e ͞c ͑1 2 e 1 ͞2͒͑͞1 1 e 1 ͞2͒ as before, i.e., the local envelope velocity is given by relation (32).
The above discussion sheds some light on the interpretation of the paraxial result for the envelope velocity given by relation (7) . Notice that the paraxial result is identical to relation (32) with h ! z in the definition of a. Both relations (7) and (32) exhibit regions in ͑r, a͒ for which v e . c. Hence neither of these expressions should be interpreted as the pulse group velocity. Instead, relations (7) and (32) should be interpreted as the velocity of the local pulse centroid ͗z ͘ z defined at a specific radius. Note that a change in the local value of ͗z ͘ z at fixed r does not necessarily correspond to an axial transport of energy. Changes in ͗z ͘ z can reflect distortions in the pulse profile as it evolves. Consider, for example, a pulse profile that is initially symmetric and centered about the focal point such that ͗z ͘ z 0 at all r. As the pulse propagates, the front of the pulse expands radially (diffracts) as it moves away from the focal point. The back of the pulse, which is initially located behind the focal point, will contract radially as it moves toward the focal point. The pulse is now asymmetric, with the front of the pulse wider than the back. For sufficiently large r this can cause the local centroid ͗z ͘ z to move toward the front of the pulse, resulting in a local v e ͑r, h͒ . c, as indicated by Eq. (32). However, this local centroid motion is associated with the distortions of the pulse profile and a radial transport of energy, not with an axial transport of energy.
It is more accurate to identify the group velocity of the pulse with the motion of the actual centroid, z , of the entire pulse. The pulse centroid z ͗z ͘ is given by averaging over both the radial and axial profiles:
To first order, Eq. (34) is equivalent to Eq. (16), producing the leading-order contribution to the exact expression given by Eq. (18a). The group velocity of the centroid is then
which is a constant that is independent of h. In addition to group-velocity effects, the first-order solution has additional terms that affect the phase of the laser pulse. For example, the leading-order correction to the total phase is given by 
Notice that along the axis, r 0, the frequency varies slightly throughout the pulse, dv ͑1͒ dv ͑1͒ ͑z ͒, and evolves as the pulse propagates away from focus, dv ͑1͒ dv ͑1͒ ͑h͒.
C. Second-Order Solution
For a pulse with a Gaussian axial profile, analytical expressions can be obtained forâ to second order. Approximating c k c 1 c 0 k 1 c 00 k 2 ͞2 and using the expression for f k given by Eqs. (11) giveŝ
This analytical form for the second-order solution is compared in Section 5 with numerical solutions to the wave equation.
D. Solution to Arbitrary Order
Keeping the full expansion for c k and expanding the second-order and higher terms in the exponential gives a solution to arbitrary order:â
Equation ( 
COMPARISON WITH NUMERICAL SOLUTIONS
One can solve the wave equation, Eq. (9a), numerically, by using standard techniques, to obtainâ͑r, z , h͒. For example, consider a laser pulse at the point of focus ͑h 0͒ witĥ
One can estimate the evolution of this laser pulse in vacuum, as a function of h, by using the first-order solu-
͞L
2 ͔͒ or the second-order solution Eq. (37) or by numerically solving Eq. (9a), using Eq. (41) as the initial condition. The result for the second-order solution is shown in Fig. 1 , where the real part of a â exp͑ik 0 z ͒ is plotted versus r and z at fixed time ͑t h 2 z͞2͒ for t 0 [ Fig. 1(a) ] and t 2Z R ͞c [ Fig. 1(b) ]. In this example l 2.5 mm and L r 0 5 mm, such that Z R Ӎ 31.4 mm and L͞l r 0 ͞l 2. The curvature of the wave fronts as the laser pulse moves away from focus is clearly observable in Fig. 1(b) .
The numerical solution for the parameters of Fig. 1 is compared with the first-and second-order solutions in Fig. 2 . Here the percentage difference 100͓a ͑n͒ 2 a ͑num͒ ͔͞Max͓a ͑n͒ ͔ is plotted versus r and z at h Z R for the first-order solution a ͑1͒ [ Fig. 2(a) ] and the secondorder solution a ͑2͒ [ Fig. 2(b) ], where a ͑num͒ denotes the numerical solution and Max͑a ͑n͒ ͒ denotes the maximum value of the nth-order solution a ͑n͒ . The numerical solution agrees with the approximate solutions to better than 1%. Numerical results show that this error decreases as L͞l increases.
One can determine the group velocity of the numerical solution by numerically evaluating the pulse centroid z , Eq. (16), using the numerical solution in the integrand. From Eq. (19), the group velocity is given by v g ͞c ͑1 2 e͞2͒͑͞1 1 e͞2͒, where the quantity e 2dz͞dh is evaluated numerically. The result is compared with the analytical solution, Eqs. (18a) and (19), in Fig. 3 , where we plot 1 2 v g ͞c versus h for each case, using the same parameters as in Fig. 1 . The local envelope velocity v e at r 0 can be similarly determined from the numerical solution by integration only over z on the right-hand side of Eq. (16). The result is compared with relation (32) in 
SUMMARY AND DISCUSSION
New solutions to the wave equation, Eq. (1), have been derived that describe an ultrashort, tightly focused laser pulse propagating through a plasma with a linear response or through vacuum. We solved the wave equation for the pulse envelopeâ͑r, z , h͒, where a â exp͑ik 0 z ͒ 1 c.c., by making use of the independent variables z z 2 ct and h ͑z 1 ct͒͞2 and by taking a Fourier transform with respect to z . Solutions for the transform of the envelope,â k ͑r, k 0 1 k, h͒, could then be found without approximation in terms of Hermite -Gaussian modes. The solutions are analogous to solutions of the paraxial wave equation. For simplicity, this study was limited to envelopes in which the radial profile is described by the fundamental Gaussian mode, i.e., jaj ϳ exp͑2r 2 ͞r s 2 ͒. Generalization to higher-order Hermite -Gaussian modes should be straightforward. When the solution to the paraxial wave equation, Eq. (2b), is denoted byâ a p ͑r, k 0 , z͒, the exact solution to the full wave equation forâ k , Eq. (9b), is given byâ k f kâp ͑r, k 0 1 k, h͒, as is indicated by Eqs. (10) , where f k is the Fourier transform of the axial pulse profile at h 0.
Based on the exact solution for the transform of the envelopeâ k , several exact properties of ultrashort, tightly focused laser pulses were determined. General expressions were determined for arbitrary axial profiles f k , and specific expressions were determined for the case of a quasi-Gaussian axial profile given by Eqs. (11) .
For a pulse with a quasi-Gaussian axial profile the quantity W R drr R dz jbj 2 , where b ͑ik 0 1 ≠͞≠z ͒â, was identified as a globally conserved quantity of the full wave equation for the envelope, Eq. (9a), i.e., ≠W͞≠h 0. The quantity W is roughly equivalent to the total pulse energy at fixed h. Using the quantity jbj 2 as a weight function, we determined an expression for the pulse centroid z , Eq. (18a), by integrating z over the axial and radial coordinates. The motion of the centroid was used to define the group velocity of the pulse, v g ϵ dz͞dt, where z z 2 ct. The resulting value for v g is given by Eq. (19). By averaging z 2 over the axial and radial coordinates with jbj 2 as the weight function, an expression for the laser pulse length L p was determined [relation (24)]. It was found that the pulse length slowly increases as the pulse propagates. We found approximate solutions to the laser pulse envelopeâ͑r, z , h͒ by expandingâ k ͑r, k 0 1 k, h͒ about k 0 for jk͞k 0 j ϳ 1͞k 0 L , , 1 and evaluating the inverse transform. Approximate solutions forâ͑r, z , h͒ were found to arbitrary order in jk͞k 0 j. (7) . This cannot be interpreted as a group velocity, because there are regions in ͑r, z͒ for which v e . c. At the focal point, 1 2 v e ͑0, 0͒͞c Ӎ 2͞k 0 2 r 0 2 , a value that differs from 1 2 v g ͞c by a factor of 2. By analysis of the first-order solutionâ ͑1͒ to the full wave equation the interpretation of the paraxial result v e ͑r, z͒ becomes clear. Usingâ ͑1͒ , we determined the expression for the local pulse centroid ͗z ͘ z , which is a function of r and h as given by Eq. (33), by averaging z over the axial pulse profile at a fixed radius r. If the motion of the local centroid ͗z ͘ z , which is a function of r and h, is used to define a local envelope velocity v e ͑r, h͒, the result, relation (32), is identical to the paraxial result v e ͑r, z͒ with z ! h. It is clear that v e ͑r, h͒ is not the pulse group velocity but instead is the velocity of the local centroid ͗z ͘ z at a fixed radius. The fact that regions in ͑r, h͒ exist where v e ͑r, h͒ . c indicates that v e ͑r, h͒ does not represent the axial velocity at which pulse energy is transported.
An improved definition of the pulse group velocity is given if one considers the motion of the centroid z of the entire pulse, Eqs. (16) and (34), which we determine by averaging z over both the axial and the radial pulse profiles. The pulse group velocity is given by v g dz͞dt, where z z 2 ct. The exact expression for v g is given by Eq. (19). In the limits k 0 2 r 0 2 . . 1 and k 0 2 L 2 . . 1,
The group velocity is slightly reduced as a result of the finite pulse length in addition to the finite spot size and plasma dispersive effects. Notice that v g is independent of z such that the pulse centroid propagates at a constant velocity. Thus relation (42) is valid both at focus and far from focus. The relativistic factor associated with the pulse group velocity, g g ͑1 2 v g 2 ͞c 2 ͒ 21/2 , to leading order, is
For a tightly focused laser pulse, g g can be relatively small.
As an example, consider the possibility of accelerating an electron from rest with the axial ponderomotive force of an intense, ultrashort laser pulse. For a fixed axial ponderomotive force, electron trapping is easier the lower the value of g g . For a laser pulse in vacuum with r 0 ͞l 3, g g Ӎ 13, and it may be possible for a sufficiently intense laser pulse to pick up and accelerate an electron from rest.
